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Abstract 

We show that the Lorentz covariant formulation of N = 2 string in a curved space 
reveals an explicit hyper-Kahler structure. Apart from the metric, the superconfor- 
mal currents couple to a background two-form. By superconformal symmetry the 
latter is constrained to be holomorphic and covariantly constant and allows one to 
construct three complex structures obeying a (pseudo) quaternion algebra. 
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1. Introduction 

One of the fascinating features of two-dimensional superconformal symmetry is that 
it relates string theory and geometry. Consistent backgrounds where string theory may 
propagate are identified with low lying string states either by analyzing one-loop diver- 
gences of the corresponding string theory effective action pP-jSj, or evaluating operator 
product expansions of superconformal currents in a curved space |4 , or studying renor- 
malisation of the trace of the stress-energy tensor j^J. 

With the number of world-sheet supersymmetries growing, one reveals more refined 
geometrical structures. In particular, N = 2 superconformal symmetry requires a Ricci- 
flat Kahler space as a consistent background [U] which correlates well with the sigma model 
analysis of Ref. [7j. Notice, however, that if one is concerned with superconformal algebras 
admitting unitary representations, the restriction N < 4 on the number of fermionic 
currents holds [Hj. On the sigma model side the same bound follows from the requirement 
that a target manifold is irreducible [Zj. 

String theory incorporating N = 2 superconformal symmetry has the central charge 
c = 2 and, hence, is critical in a space of ultra-hyperbolic signature (— , — , +, +) or in a 
four-dimensional Euclidean space. Possessing intrinsic complex structure it breaks mani- 
fest 50(2,2) Lorentz invariance (for reviews see e.g. Refs. [3 CD])- As was demonstrated 
in Ref. jTTj, at the tree level the quantum dynamics of N = 2 string 1 is governed by the 
Plebanski equation jT2j and the only quantum state in the spectrum can be identified 
with the Kahler potential of a Ricci-flat Kahler metric (self-dual gravity). 

In fact, any N = 2 superconformal theory with c = 2 reveals a higher N = A symmetry 
as the spectral flow operator and its inverse can be taken to be the raising and lowering 
operators of the su(l, 1) subalgebra of a small N = 4 superconformal algebra (for details 
see e.g. Ref. [IB])- Using this observation Berkovits and Vafa demonstrated in Ref. [Hj 
that the critical N = 2 string can be embedded in a more universal N = 4 topological 
string framework. As there are no N = 2 ghosts around [T4*] . N = 2 string scattering 
amplitudes can be reproduced in a much simpler way. Moreover, the N = 4 topological 
prescription allows one to prove the vanishing theorems to all orders in perturbation 
theory, which otherwise are extremely difficult to demonstrate [14j- 16j. For a related 
work see Refs. [T7j, [TH]. Some recent applications are discussed in Ref. [T^j . 

Another appealing point concerning the N = 4 formalism is that it allows one to 
keep manifest 5*0(2,2) Lorentz invariance, at least at the level of classical considera- 
tions. As the global automorphism group of a small N = 4 superconformal algebra is 
SU (1,1) x SU (1,1)' ~ 50(2,2), the corresponding string theory action functional is 
manifestly Lorentz invariant [2U]. It should be remembered, however, that the classical 
Lorentz symmetry holds at the price of the functional dependence of the currents provid- 
ing a representation of the N = 4 algebra [2B 122] • in the quantum theory the topological 
prescription of Ref. relies upon twisting the N = 2 algebra by the U(l) current 
which amounts to choosing a specific complex structure in the twistor space of all com- 
plex structures 2 , thus reducing 50(2,2) to {7(1,1) and reproducing the earlier results 
of Ref. ^T] . Alternatively, working within the framework of the old covariant quantiza- 
tion, one discovers that the Lorentz invariance of the boson emission vertex proves to be 

1 Throughout the paper we discuss the closed string case. 

2 Besides, special care is to be taken of the instanton contribution to the partition function of the 
N = 4 topological theory |14| . 
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incompatible with the causality and cyclic symmetry of tree level scattering amplitudes 
j2H|, thus reproducing, once again, the result of Ooguri and Vafa jTTj. 

As was mentioned above, the closed N = 2 string requires a Ricci-flat Kahler space 
as a consistent background. It is well known that in four dimensions the Ricci-flatness of 
a Kahler manifold implies the hyper-Kahler structure. Exhibiting one complex structure 
in an explicit form the conventional formulation of N = 2 string seems to hide two more 
complex structures. It is the purpose of this paper to make the hyper-Kahler structure 
intrinsic to N = 2 quantum string in a curved space manifest. Making recourse to the 
equivalent N = A topological formalism we demonstrate that, apart from a background 
metric, the superconformal currents couple to a background two-form. By superconformal 
symmetry the latter is constrained to be holomorphic and covariantly constant and allows 
one to construct the missing complex structures in an explicit form, thus demonstrating 
the advantage of working within the framework of the N = 4 formalism. 

The organization of the work is as follows. In the next section we examine a small 
N = 4 superconformal algebra in a curved space at the classical level. A generalization 
of the Poisson bracket which is compatible with the minimal interaction criterion and Ja- 
cobi identities is given. Background fields which allow one to construct a representation 
of the N = 4 superconformal algebra in a curved space include a Hermitian metric and a 
background two-form. We then show that the algebra closes under the Poisson bracket, 
provided the background two-form is holomorphic and covariantly constant. Three com- 
plex structures obeying a (pseudo) quaternion algebra are given in an explicit form. In Sec. 
Ill we extend our analysis to the quantum theory and construct a representation of the 
small N = 4 superconformal algebra in a curved space at the tree level. We summarize 
our results in the concluding Sec. IV. 

2. Classical considerations 

Our classical analysis begins with the simplest representation of d = 2, N = 4 super- 
conformal algebra in a flat space 

G = (p- bV ia + d lX a )r Va „ G = ( PbV ab + d^rVaa, 

H = (p- bV ia + d x x a We ac , H = ( PbV ab + d lX ")iP%- c , 

j=rrva- a = o, j {1) = rre a c, j {2) = rre- a - c . (i) 

This is constructed on a phase space spanned by a complex boson x a (r, a), the conjugate 
momentum p a (r, a), and a self-conjugate complex fermion ip a {r, a). We use the ordinary 
Poisson bracket 

{x a (a),p c (a')} = 5\5{a - a'), {x a (a) , p- c (a')} = 8\5{a - a'), 
{r{cr)^\a')} = irr5{a-a') } (2) 

and conjugate on the cylinder as (x a )* = x a , (ip a )* = ip a . In the equation above e ac is 
the Levi-Civita antisymmetric tensor e ac = —e ca) eoi = —1, (e ac )* = eac and d\ = -j^. 
We assume periodic boundary conditions for the bosonic fields. For the fermions one can 
choose the NS representation due to the spectral flow [2*3j . 
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Cancellation of the conformal anomaly in the quantum theory requires a target space 
of two complex dimensions. Depending on the choice of the original flat metric ds 2 = 
r] a adx a Cg> dx a , in real coordinates one reveals either a four- dimensional Euclidean space 
or a space of ultra hyperbolic signature. In this paper we stick to the latter option and 
henceforward put rj aa = diag(—, +), a, a = 0, 1. 

Passing to a curved space 3 (with metric g nn (x, x)), first one has to decide which bracket 
to use. A bracket which respects Jacobi identities and is compatible with the minimal 
interaction criterion can be constructed by going to a larger phase space which involves 
two canonical pairs (^ n ,vr n ), (ip n ,7i n ) and imposing there two second class constraints 

7T„ + ^ n gnn = 0, 7r s + f ^™£nn = 0. (3) 

These remove the auxiliary fields (7r n , TT n ) and leave one with the Dirac bracket 

{x N (a),p M (a')} = 5 N M 5(° ~ a*), {fW,fK)} = ig m S(a - a') 
{p N {a)^ m {a')} = ^ k d N g k - s g Sm S(a - a'), 

{p N (a),^(a>)} = \^d N g sW ^8{a - a'), 

{pn((t),Pm((t')} = ^ip k ^ k g~ ss d [N g k - s d M] g sk 5{a - a'), (4) 

where N is a collective index for (n,n) and A^Bm] = \{A^Bm — AmBn). Because 
the N = 4 algebra in a flat space is essentially complex it seems natural to preserve the 
complex structure when switching an external field on. Thus, we take the background 
metric to be hermitian g nm = g nfh = 0, = g m n- 

Then one has to couple the generators to background fields. Taking into account 
commutation relations characterizing the N = 4 super conformal algebra (we use the 
notation in Ref. [22]) it suffices to fix G, G and the i?-symmetry generators J, J( 2 \ 

Assuming the coupling to be minimal (d a ip n — *> V a ip n = d a ip n + d a x p T n ps ip s ) 

Pn^Pn + ^Ip^lp^nsgkm = ^n, Pn ~> Pn ~ f ^™ ^ S ^nrh9sk = ^n, (5) 

the first three currents are easily constructed 

G = (Tl n + d 1 x n g m W = 0, G = (II n + d x x n g nn )^ n = 0, J = ^ n g nn = 0. (6) 

As the metric carries one holomorphic index and one antiholomorphic index, the 
change e nm — > e nm / y/— det g commonly accepted in real spaces does not yield a tensor 
field. Thus, in order to formulate and one is forced to introduce into consider- 
ation a background two-form B nm = (B nm )* which reduces to e nm in a flat limit. With 
this at hand one can set 

jw = r^ m B nm , j (2) = r^B nfh . (7) 

Now it is important to notice that the nilpotency of the supersymmetry charge G 
holds only if the background metric is kahlerian 

&n9mrh ^mQnfh 0) ^fiQmfh &fhQmn 0. (8) 



3 Our convention is to use a, 6, c indices for the flat case and k, n, m ones in the presence of a 
nonvanishing curvature. 
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This means, in particular, that the connections T k np and T k np become symmetric and 
(n„, Ilfi) in Eq. © above can be reduced to (p n ,Pn)- 

Finally, it is a matter of a straightforward although a bit lengthy calculation to verify 
that the entire N = 4 superconformal algebra closes provided the remaining currents have 
the form 

H = (U- k g~ kn + d lX n W m B nm , H = (U k g nk + d 1 x n )^B nm , 

T = Kllfi + 5 1 x% s )(n n + d^Pg^g™ - f (r<9i^ + ^d^ n )g nn - 

-^ n d lX Pr k np g m + i^dtxPT^g^ (9) 

and the background two-form obeys the restrictions 

d k B nm = 0, VkB nm = 0. (10) 

In checking the algebra the integrability conditions 

R nfhsBkp R nfhpBks 0, R n m sBj, p R f lJnp Bf,g 0, (H) 

prove to be helpful. Besides, one has to use the algebraic relation B n m,B sp g ms = g pfl which 
holds true for an irreducible manifold [25J. 

Thus, in order to support a small N = 4 superconformal algebra a background Kahler 
manifold must admit a covariantly constant holomorphic two-form. As is well known 
this reduces the holonomy group of a manifold to a subgroup of SU(1, 1) which implies a 
pseudo-hyper-Kahler space. Indeed, along with a natural complex structure characteriz- 
ing the case 

J -(*o" -10' J2 = ~ 1 ' (12) 

one can construct two real structures 

a _ I B nm g km \ t — ( ^ iB nm g km \ c2 _ i ^2 _ i 

~ ^ B nfh9 ^ k o ; ' v - iB ™g mk o ; ' D - lj A ' 

(13) 

altogether forming a pseudo-quaternionic algebra (in this respect see also Refs. j^Zj, 

= -T5 = - J, TJ = -JT = S, JS = -SJ = T. (14) 

If the original flat metric were chosen in the form rj nn = diag(+, +), an ordinary 
quaternionic algebra and hyper-Kahler geometry would be reproduced in this way. Worth 
mentioning also is that a (pseudo) hyper-Kahler space is automatically Ricci flat. Indeed, 
it_ suffices to contract the integrability condition R k nfhs Bk p — R k nmpBks = with the tensor 
g lp Bjf,g rs , in order to get R nfl = 0. 

3. Tree-level quantum consideration 

We next wonder if the restrictions on background geometry derived in the previous 
section allow one to construct a quantum representation of a small N = 4 superconformal 
algebra. By now only a perturbative technique is available, this appealing to the use of 



4 



Riemann coordinates (see e.g. )• As the geometry characterizing the case is essen- 
tially complex, the passage to Riemann coordinates should be realized by a holomorphic 
transformation |3Uj . 

Thus, instead of using a geodesic connecting an arbitrary point and the origin one 
performs the following classical-quantum splitting 

^r n ml ( Xo , x Q )C? - ^ p r n ml ( Xo , x )eCZ l + ■■■, 

\ n -T n ml (x ,x )C^ l + -- - • (15) 

This renders a background field expansion covariant with respect to holomorphic changes 
of coordinates. The covariant derivative V p entering the last line acts only on lower indices 
and the fermionic field is taken to be purely quantum. It is assumed that the point lies in 
the normal neighborhood of the origin, i.e. the exponential map from the tangent space 
to the origin onto the neighborhood is the diffeomorphism. So, two geodesies passing 
through the origin do not intersect in other points of the neighborhood. 

In order to define quantum propagators, one then introduces a complex zweibein e n a 
and represents the metric and the background two-form as follows: 

Qnn Cn &n ^jaai B nm C n C m 6 a fe 

It is assumed that the zweibein is covariantly constant and that the spin connection 
one-forms dx n u n a b , dx n u} n a b , dx n oj n a i, dx n u)n a i take values in the Lie algebra su(l, 1) 

UN a bVab + ^N a bVba = 0, U N a a = UJ N a - a = 0, 

^N C a e cb — ^N C b e ca = 0, U^a^cb ~ ^N°b^ca = 0- (17) 

As the background metric is hermitian it contains four real components. The bal- 
ance between these four degrees of freedom and eight real components of the zweibein 
is provided by the local £7(1, 1) transformation e' n a = A a t,e n fe with four real parameters 
which leaves the metric invariant. Specifying a covariantly constant two-form like in Eq. 
(Unj) above, one breaks the local £7(1,1) symmetry down to ££7(1,1) and destroys the 
equilibrium. This can be reestablished by imposing one real equation 

detg nn = -Q(x)Q(x), (18) 

where Q(x) is a fixed holomorphic function and Q(x) is its complex conjugate. This 
is fully consistent with the Ricci-flatness of a background manifold because R nn = 
d n dn ln(det g m m)- In particular, taking Q = 1 one recovers the Plebanski equation 
which implies also that locally the background two-form is a constant (for a related dis- 
cussion see also Ref. [TTj). 

Redefining the quantum fields £ a = £ n e n a , A a = X n e n a , one can further specify the 
propagators (we Wick rotate the temporal coordinate on the world-sheet and go over to 
a complex plane) 

(C(z, z)f(w, w)) = - V aa (\n(z -w) + \n(z - w)), (X a (z)X a (w)) = -j^- (19) 

With these at hand one can decompose the conformal currents in Riemann coordinates 
and evaluate operator product expansions perturbatively. Unfortunately, decomposing 
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x ' 



x n + c-- 

dx n 



dp 



-Y 



(16) 



generators in this way one does not arrive at a closed algebra and extra terms have to be 
added to the currents in order to close the algebra [I]. 

At the tree level a necessary modification is prompted by the algebra itself. In par- 
ticular, taking the linear approximation for G, G and the i?-symmetry generators (here 
we denote 8xq = dx^e n a } 

G = (dx a + V£°) W a + • • • , G= {dxl + Vf)^A fl + . . . , 

J = X d X a Va~a + • • • , J (1) = X a X b e ab + • • • , J {2) = X a X h e- al + . . . , (20) 

where V£ a = <9£ a + dx£uj N a b £ b , one can fix the remaining generators 

T = -(dx a + + Ve)Vaa + ^(A s VA a + X a VX a ) Va - a + X a X a dx%u N b aVb - a + ..., 

H=(dx a + \7C)X b e ab + ..., H=(dx d + Ve)X\i + ..., (21) 

and verify after a tedious calculation that the entire algebra closes. When checking the 
algebra divergent terms appear which are handled by dimensional regularization [4J. 

Thus, at the tree level the only correction to the naive decomposition of currents is 
given by the term X a X a dxQ u>N b a Vba which enters the conformal generator T. Curiously 
enough, this breaks manifest U(l, 1) local invariance (for a related discussion see Ref. pQ 
andRefs. EH EU)- 

4. Conclusion 

To summarize, in the present paper we considered a small N = 4 superconformal alge- 
bra in a curved space. Our analysis reveals an interesting interplay between the maximally 
extended superconformal algebra admitting unitary representations and hyper-Kahler ge- 
ometry. In particular, a covariantly constant holomorphic two-form which specifies the 
holonomy group of a target manifold explicitly couples to the superconformal currents. On 
the string theory side, our analysis suggests that the N = 4 topological formalism yields 
the appropriate framework to keep the hyper-Kahler structure intrinsic to the N = 2 
quantum string manifest. 

Although we did not try to systematically extend the present consideration to the 
one-loop order and beyond, according to the analysis of Refs. [TT], [Ej-[ini no quantum 
corrections to the equations specifying the background fields will follow (see, however, 
Ref. [US])- It would be interesting to check this by explicit calculations. Preliminary 
considerations show, however, that a naive decomposition of G in Riemann coordinates 
fails to yield G ■ G ~ 0, so G itself should be modified appropriately. 
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